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Abstract
Using Ward identities of N = 1/2 supersymmetric Yang-Mills theory, we
show that while the partition function and antichiral gluino condensates re-
main invariant under the C deformation, chiral gluino correlators can get
contributions from all gauge fields with instanton numbers k ≤ 1. In par-
ticular, a Ward identity of the U(1)R symmetry allows us to determine the
explicit dependence of chiral gluino correlators on the deformation parameter.
1 Introduction
Four dimensionalN = 1 supersymmetric gauge theories naturally arise as low energy
effective field theories of D-branes when string theory is compactified over Calabi-
Yau 3-folds. One could also turn on a graviphoton background, and look at the
consequence it has on the effective theory of D-brane. The interesting observation
is that in this background the odd coordinates of superspace become nonanticom-
muting over the brane [1, 2, 3, 4]. This has the effect of reducing the number of
supersymmetries to half. However, one can still construct a super Yang-Mills theory
describing the effective theory on the brane [5]. Different aspects of this model has
been further studied in [6]-[14]. While the generalization to N = 2, along with
other interesting features of noncommutative superspace have further been explored
in [15]-[24].
In this note we are to study the effect of C deformation on the gluino correlators.
Using the Ward identity of the unbroken supersymmetry Q, we will see that the
partition function as well as the antichiral gluino condensates remain invariant under
the C deformation. Namely they will have the same value as in N = 1 SYM U(N)
gauge theory, and in particular 〈tr (λλ)N〉 gets contribution only from one instanton
sector. In contrast, chiral correlation functions of gluini can get contributions not
only from one anti-instantons (F− = 0), the only configurations which contribute
to the chiral gluino correlators in N = 1 theory, but also from gauge fields of
topological charges k ≤ 0. In what follows, we will discuss the nature of these field
configurations, and their possible contributions to the chiral correlators using Ward
identities of the anomalous U(1)R symmetry. Although R symmetry is explicitly
broken at the classical level, treating the deformation parameter C as a background
field with anR charge the corresponding Ward identity tells us about the dependence
of the correlators on the deformation parameter.
As (anti)instantons play an important role in our discussion of (anti)chiral cor-
relators of gluini, let us briefly discuss how they might get deformed in the presence
of fermions [12]. In N = 1/2 SYM model, the equation of motion for the gauge field
read
Dµ
(
F µν + iCµνλλ
)
= σναα˙ {λ
α , λ
α˙
} , (1)
while for λ and λ we have
6Dλ = −CµνF+µνλ− i
|C|2
2
(λλ)λ
6Dλ = 0 . (2)
Note that when F−µν = 0, the last equation has no solution. Setting λ = 0, then
F−µν = 0 solves the first equation, while the second equation reduces to the ordinary
zero mode equation for chiral fermions. Therefore anti-instantons (F− = 0) and the
corresponding chiral zero modes are a solution to the above field equations. What
about instantons (F+ = 0)? In this background there are antichiral zero modes λ,
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and hence the second equation implies that chiral fermions λ cannot be zero either.
On the other hand, using the Bianchi identity in the first equation we have
iCµνDµ
(
λλ
)
= σναα˙ {λ
α , λ
α˙
} . (3)
Acting now with the covariant derivative Dν on the above equation, and using
F+ = 0 implies that 6Dλ = 0, which is inconsistent with the first equation of (2).
So we conclude that instantons cannot be a solution to the equations (1) and (2).
In [12] it was argued that instanton like solutions are still possible if we instead
consider the deformed instanton equations
F+µν +
i
2
Cµνλλ = 0
6Dλ = 0
6Dλ = 0 , (4)
which like instantons have a finite action S = −8pi
2k
g2
, k < 0, with k the instanton
number. Since k < 0, the index theorem implies that λ cannot be zero, and for the
first equation above to be consistent with Eq. (1) we must have λ = 0. The solutions
to the above equations, with λ = 0, now solve the field equations (1) and (2). In fact
we will see that a C dependent contribution to the chiral gluino correlators arises
exactly because of the existence of these classical field configurations. Below, we
will examine the possible contributions of the above classical field configurations on
both chiral and antichiral gluino correlators. Notice that both configurations above,
i.e., anti-instantons and those of (4), are supplemented with the ordinary Dirac
equation for chiral and antichiral fermions. As discussed in [12], these are also the
corresponding equations for the fermionic zero modes. Therefore, in a perturbative
expansion around these solutions, one needs to take care of the zero modes of the
Dirac operator by inserting appropriate operators in the path integral, just as in
N = 1 SYM theory.
2 Antichiral gluino condensates
Let us begin with assuming that the superspace coordinates θα are not anticommut-
ing, and instead they satisfy the following anticommutation relation
{θα, θβ} = Cαβ , (5)
where Cαβ is a constant and symmetric 2 × 2 matrix. This deformation of the su-
perspace has been studied earlier in [25, 26, 3]. The anticommutation relation (5)
will deform the supersymmetry algebra with Q
2
proportional to the deformation
parameter Cαβ . Seiberg [5] has considered the above deformation in N = 1 super-
symmetric model and has shown that half of the supersymmetries can be preserved.
2
Indeed if W α = (Aµ, λ) denotes the usual N = 1 gauge super multiplet, then the
Lagrangian of this N = 1/2 model reads
L =
iτ
16π
∫
d2θtrW αWα −
iτ¯
16π
∫
d2θ¯trW
α¯
W α¯ (6)
+
(iτ − iτ¯ )
16π
(
−iCµνtrFµνλλ+
|C|2
4
tr (λλ)2
)
,
where
Cµν ≡ Cαβǫβγσ
µν γ
α
is a constant and antisymmetric self-dual matrix, with |C|2 = CµνCµν , and τ is the
complex coupling constant
τ =
θ
2π
+
4πi
g2
. (7)
The above Lagrangian is invariant under the following Q deformed supersymmetry
transformations,
δλ = iǫD + σµνǫ
(
Fµν +
i
2
Cµνλλ
)
(8)
δAµ = −iλσ¯µǫ
δD = −ǫσµDµλ
δλ = 0 ,
whereas Q is broken. Solving for the auxillary field D, the action reads
S =
1
2g2
∫
d4x tr
(
1
2
F µνFµν + 2iλ 6Dλ+ iC
µνFµνλλ−
1
4
|C|2 (λλ)2
)
. (9)
An interesting observation is that while the terms proportional to the defor-
mation parameter Cµν cannot be written as a Q commutator, the variation of the
Lagrangian with respect to Cµν can:
δL =
i
2g2
δCµνtr
(
Fµνλλ+
i
2
Cµν (λλ)
2
)
= −
i
4g2
{
Qα , δCµν(σµν)αβ tr (λ
βλλ)
}
. (10)
Assuming supersymmetry is not spontaneously broken, i.e., Q |0〉 = 0, this will have
an important consequence that the partition function does not depend on C:
δZ
δCµν
= −
〈
δS
δCµν
〉
=
i
4g2
∫
d4x
〈{
Qα , (σµν)αβ tr (λ
βλλ(x))
}〉
= 0 , (11)
in other words, the effective action (obtained by doing the path integral over all
fields) does not depend on the deformation parameter C. This even further extends
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to correlation functions of Q invariant operators. Let Oi, for i = 1, 2, . . . , n, be
operators such that [Q,Oi} = 0, then we will have
δ
δCµν
〈
O1O2 . . .On
〉
=
i
4g2
∫
d4x
〈
O1O2 . . .On
{
Qα , (σµν)αβ tr (λ
βλλ(x))
}〉
=
i
4g2
∫
d4x
〈
O1O2 . . .OnQα (σµν)αβ tr (λ
βλλ(x))
〉
= ±
i
4g2
∫
d4x
〈
QαO1O2 . . .On(σµν)αβ tr (λ
βλλ)
〉
= 0 .(12)
Therefore, in computing the correlation functions of Q invariant operators one can
choose a convenient value of C. One such a choice is set C to zero reducing the
Lagrangian to that of N = 1 SYM theory. Hence, such operators will have the same
expectation value as in pure N = 1 SYM theory. In particular, the antichiral gluino
correlator will be invariant under the C deformation:
δ
δCµν
〈tr λλ(x1) trλλ(x2) . . . tr λλ(xN)〉 = 0 . (13)
Moreover, one can use the Ward identity of the unbroken Q supersymmetry to show
that the above correlation function is x-independent. Cluster decomposition then
implies that the operator tr (λλ) gets a C independent vacuum expectation value
just as in pure N = 1 SYM theory [27]:
〈tr (λλ)〉 = AΛ¯3 , (14)
with the one-loop Renormalization Group (RG) invariant scale, Λ¯, related to the
microscopic cutoff Λ0 through
Λ¯3N = Λ3N0 e
−2pii τ . (15)
3 Chiral sector
What happens to chiral operators such as tr (λλ)? To see the consequence of C-
deformation on the correlation functions of such operators we use a Ward identity
corresponding to the U(1)R symmetry. To start with, let us first discuss the case
of N = 1 SYM theory in some more detail. Classically there is a U(1)R symmetry
acting on the fields as
λ→ eiαλ , λ→ e−iαλ . (16)
Quantum mechanically, however, U(1)R is reduced to Z2N . Roughly speaking, this is
seen by noticng that in the background of a gauge field with the topological charge
k, the number of chiral and antichiral zero modes , n+ and n− respectively, are
related to the index of the Dirac operator in that background as follows
n+ − n− = index 6D = 2kN , (17)
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and thus under U(1)R the measure of the path integral in this background transforms
as
DλDλ→ e−2iNkαDλDλ , (18)
whereas for nonzero modes the measure is invariant. Notice that in writing the
measure we use the eigenfunctions of the Dirac operator as a basis, and that the
above index theorem holds for any gauge field which has a topological charge k,
independent of the equation it satisfies. Clearly (18) shows that the subgroup Z2N
is left unbroken. This latter symmetry is further spontaneously broken to Z2 by
gluino condensations. Chiral gluino condensation happens because of the existence
of anti-instantons with k = 1. In this background there are 2N chiral zero modes,
and to saturate them one inserts in the path integral N gauge invariant operators
made up of chiral fermions tr (λλ) of the form
G(x1, . . . , xN) = 〈trλλ(x1) trλλ(x2) . . . trλλ(xN )〉 . (19)
In pure N = 1 SYM theory, one can also use the Ward identities of Q symmetry
(of the kind we used in eq. (12)) to show that the above correlation function does
not depend on xi’s. Using this and cluster decomposition one then concludes that
tr λλ gets a vacuum expectation value, and hence a spontaneous breaking of Z2N
to Z2 leaving N distinct quantum vacuua. Hence, we see a very similar behaviour
between the chiral and antichiral sectors of N = 1 theory.
The situation for N = 1/2 SYM theory is though quite different. In fact,
since there is no Q supersymmetry, the whole argument above including the x-
independence of G(x1, . . . , xN ), and the subsequent spontaneous breaking of Z2N
to Z2 breaks down. So the lack of Q supersymmetry forbids us from going any
further in this direction. However, we can still use the anomalous U(1)R symme-
try to discuss the possible C dependence of correlation functions like (19). Before
proceeding in the anomaly discussion note that, since anti-instantons (F− = 0) and
the corresponding chiral zero modes ( 6Dλ = 0) are solutions to the equations of mo-
tion, the operators inserted in (19) continue to saturate the 2N chiral zero modes
of the Dirac operator in k = 1 topological sector. Gauge fields of higher topolog-
ical charge (k > 1) give zero contribution because of the unsaturated zero modes
(n+ = 2kN + n−). But, unlike pure N = 1 SYM theory, gauge fields with k < 0
can also contribute to this correlation function. This happens, as we will see in the
following, because the antichiral zero modes can be saturated by the C dependent
terms already present in the action.
To obtain the Ward identity related to U(1)R symmetry, first notice that the
terms proportional to C in the action explicitly break the U(1)R symmetry:
δRS =
α
2g2
∫
d4x tr
(
2CµνFµνλλ+ i |C|
2 (λλ)2
)
, (20)
for α an infinitesimal parameter of U(1)R. On the other hand, in the background
of gauge fields with topological charge k, which we expand around, according to
5
(18) the measure has a charge −2kN under the U(1)R symmetry. Suppose now that
an operator O with an R charge equal to q is inserted in the path integral. The
invariance of the whole path integral, with the operators inserted in, under a change
of field variables results to the following Ward identity
〈O δRS〉 = iα (q − 2Nk)〈O〉 . (21)
The above identity can be written in a more useful way. Using (10), we have
δRS = −2iα C
µν δS
δCµν
, (22)
so the Ward identity (21) reads
Cµν
δ
δCµν
〈O〉k =
1
2
(q − 2Nk)〈O〉k , (23)
where we have now put the subscript k to indicate the corresponding topological
sector. Let us first discuss the case with k > 0. Taking O the operator inserted in
(19) with q = 2N , and choosing k = 1, for instance, Ward identity (21) becomes
〈tr λλ(x1) trλλ(x2) . . . trλλ(xN) δRS〉k=1 = 0 , (24)
or equivalently
δ
δC
〈tr λλ(x1) trλλ(x2) . . . trλλ(xN)〉k=1 = 0 , (25)
where we have set
C12 = C34 ≡
C
4
. (26)
So for k = 1 we can again take the limit where C vanishes. This will reduce the
computation to that of N = 1 theory, where we know only k = 1 contributes to (19)
[27]. Moreover, as said before, gauge fields of higher topological charge, k > 1, do
not contribute to (19), hence we will have
∑
k≥1
Gk(x1, . . . , xN) e
2piik τ = 〈trλλ(x1) trλλ(x2) . . . tr λλ(xN)〉C=0 = AΛ
3N . (27)
For k ≤ 0, and q = 2N , Ward identity (23) reads
C
δ
δC
Gk(x1, . . . , xN) = (N +N |k|)Gk(x1, . . . , xN) k ≤ 0 , (28)
which, upon integration, results to the following C dependence of (19)
Gk(x1, . . . , xN ) ≡ 〈tr λλ(x1) trλλ(x2) . . . tr λλ(xN)〉k = Ak C
N+N |k| , k ≤ 0 , (29)
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where Ak is in general a function of the coupling g
2, and the ultraviolet cutoff Λ0.
Also note that, as there is no Q symmetry, Ak might well depend on |xi − xj |.
A question that may now arise is what are the classical field configurations which
give rise to such a C dependent contributions? To answer this question let us look
back at Eqs. (4) and consider a perturbative calculation around the corresponding
solutions. As discussed in Introduction, in this background there are no chiral
zero modes, and according to the index theorem there are 2|k|N antichiral zero
modes of the Dirac operator. To saturate these zero modes, we need to pull down
2|k|N terms proportional to λ from the action. Moreover, as there are no chiral
zero modes, 2N chiral fermions in the correlator must get Wick contracted with
additional 2N antichiral fermions brought down from the action. Noticing that
each factor of λλ comes with one power of C, then explains the factor of CN+N |k|
appeared in (29). For the case of U(2) gauge group, and as a schematic illustration
of the above perturbative calculation, in Figures 1-4 we have depicted the related
Feynman graphs to the lowest order in g2. The subscript 0 there indicates the zero
modes (fermionic classical field configurations of (4)).
To sum up the contributions from all topological sectors characterized by the
instanton number k, we still need to take into account the θ angle contribution by
multiplying each term in (29) by a factor of eiθk. Moreover, since S = −8pi
2k
g2
in the
background of (4), the weight factor adds up to e2piikτ . After all, we arrive at
G(x1, . . . , xN ) = AΛ
3N +
∑
k≤0
Gk(x1, . . . , xN) e
2piik τ
= AΛ3N0 e
2piiτ +
∑
k≤0
Ak C
N+N |k| e2piik τ , (30)
where we have taken into account the term AΛ3N = AΛ3N0 e
2piiτ in (27). Notice that
the above expression for G(x1, . . . , xN) has the right R charge. In fact if we regard
τ (τ ) and C as background fields and let them transform under the U(1)R group as
follows
τ → τ +
αN
π
τ → τ +
αN
π
C → e2iα C , (31)
then by looking at (16), (18), and the action (9) we can see that the full path
integral (either in the background of anti-instantons or generalized instantons (4))
is invariant under the R-symmetry group. Therefore, the expectation value of any
operator must transform under the R-symmetry group exactly as the operator itself
does. This is the behavior we observe in (30).
Two further comments about our result in (30) are in order. First note that the
holomorphicity in τ of the chiral gluino correlators observed in N = 1 theory, is now
spoilt by the appearance of τ in C dependent terms. The second comment concerns
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the calculation of Ak’s in the above correlation function. Upon taking the N +N |k|
derivative of (29) with respect to C, we have
1
(N +N |k|)!
(
δ
δC
)N+N |k|
Gk(x1, . . . , xN ) = Ak . (32)
As the right hand side is independent of C, we can take the limit of vanishing C
in the left hand side to reduce it to a specific correlation function in N = 1 SYM
theory. In this way the computation of Ak’s can be reduced to a computation in
N = 1 SYM theory.
tr (λλ)(x1) tr (λλ)(x2)× ×
λ λ
λ λ
Aµ
Figure 1. 2-loop diagram in k = 0 sector proportional to C2
tr (λλ)(x1) tr (λλ)(x2)× ×
λ
4
Figure 2. 2-loop diagram in k = 0 sector proportional to C2
λ λ0
λ λ0
Aµ Aµ
λ0 λ
λ0 λ
INSTtr (λλ)(x1) tr (λλ)(x2)× ×
Figure 3. 2-loop diagram in k = −1 sector proportional to C4
INSTtr (λλ)(x1) tr (λλ)(x2)× ×
λ0λ
λ0λ
λ0 λ
λ0 λ
Figure 4. 2-loop diagram in k = −1 sector proportional to C4
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